We study the tunneling zone solutions of a one-dimensional electrostatic potential for the relativistic (Dirac to Klein-Gordon) wave equation when the incoming wave packet exhibits the possibility of being almost totally transmitted through the barrier. The transmission probabilities, the phase times and the dwell times for the proposed relativistic dynamics are obtained and the conditions for the occurrence of accelerated tunneling transmission are all quantified. We show that, in some limiting cases, the analytical difficulties that arise when the stationary phase method is employed for obtaining phase (traversal) tunneling times are all overcome. Lessons concerning the phenomenology of the relativistic tunneling suggest revealing insights into condensed-matter experiments using electrostatic barriers for which the accelerated tunneling effect can be observed.
I. INTRODUCTION
Finding a definitive interpretation for the Nature of superluminal barrier tunneling has brought up a fruitful discussion in the literature [1, 2, 3, 4] since pulses of light and microwaves appear to tunnel through a barrier at speeds faster than a reference pulse moves through a vacuum [5, 6, 7, 8, 9] . Tunneling occurs when a wave impinges on a thin barrier of opaque material and some small amount of the wave leaks through to the other side. The superluminal experiments that promoted the controversial discussions were performed with a lattice of layers of transparent and opaque materials arranged so that waves of some frequencies are reflected (through destructive interference) but other frequencies pass through the lattices in a kind of filter effect correlated to the Hartman effect [25] .
To obtain a definitive answer for the time spent by particle to penetrate a classically forbidden region delimited by a potential barrier, people have tried to introduce quantities that have the dimension of time and can somehow be associated with the passage of the particle through the barrier or, strictly speaking, with the definition of the tunneling time.
These proposals have led to the introduction of several transit time definitions that can be summarized by three groups. (1) The first group comprises a time-dependent description in terms of wave packets where some features of an incident packet and the comparable features of the transmitted packet are utilized to describe a quantifiable delay as a tunneling time [10] . (2) In the second group the tunneling times are computed based on averages over a set of kinematical paths, whose distribution is supposed to describe the particle motion inside a barrier. In this case, Feynman paths are used like real paths to calculate an average tunneling time with the weighting function exp [i S x(t)/ ], where S is the action associated with the path x(t) (where x(t) represents the Feynman paths initiated from a point on the left of the barrier and ending at another point on the right of it [11] ). The Wigner distribution paths [14] , and the Bohm approach [12, 13] are included in this group. (3) In the third group we notice the introduction of a new degree of freedom, constituting a physical clock for the measurements of tunneling times. This group comprises the methods with a Larmor clock [15] or an oscillating barrier [16] . Separately, standing on itself is the dwell time defined by the interval during which the incident flux has to exist and act, to provide the expected accumulated particle storage, inside the barrier [18] . In spite of no general agreement [4, 19] among the above definitions, the so called phase time [17] (group delay) and the dwell time have an apparently well established relation between them [3, 10] .
However, these time definitions remain controversial since in the opaque barrier limit they predict effective tunneling velocities that exceed the vacuum speed of light and may even become unlimited (Hartman effect) [25] .
In this scenario, some of the barrier traversal time definitions lead, under tunneling time conditions, to very short times, which can even become negative. It can precipitately induces an interpretation of violation of simple concepts of causality. Otherwise, negative speeds do not seem to create problems with causality, since they were predicted both within special relativity and within quantum mechanics [20] . A possible explanation for such time advancements can come, in any case, from consideration of the very rapid spreading of the initial and transmitted wave packets for large momentum distribution widths. Due to the similarities between tunneling (quantum) packets and evanescent (classical) waves, exactly the same phenomena are to be expected in the case of classical barriers [44] . The existence of such negative times is predicted by relativity itself based on its ordinary postulates [4] , and they appear to have been experimentally detected in many works [23, 24] .
In all cases described by the non-relativistic (Schroedinger) dynamics [4] , the pulse (wave packet) that emerges from the tunneling process is greatly attenuated and front-loaded due to the filter effect (only the leading edge of the incident wave packet survives the tunneling process without being severally attenuated to the point that it cannot be detected). If one measures the speed by the peak of the pulse, it looks faster than the incident wave packet.
Since the transmission probability depends analytically on the momentum component k (T ≡ T (k)) the initial (incident wave) momentum distribution can be completely distorted by the presence of the barrier of potential. As there is no sharp beginning to a pulse, we cannot determine the instant of its arrival at a certain point. Thus the computation of the tunneling time becomes fundamentally meaningless. We could only watch the rising edge of the pulse and try to recognize what is arriving.
By observing the tunneling dynamics described by the relativistic Dirac/Klein-Gordon equation, we can overcome all of these difficulties. We demonstrate with complete mathematical accuracy that, in some limiting cases of the relativistic (Klein) tunneling phenomena where the relativistic kinetic energy is approximately equal to the potential energy of the barrier, and mcL/ << 1, particles with mass m can pass through a potential barrier V 0 of width L with transmission probability T approximately equal to one. Since T ∼ 1, the analytical conditions for the stationary phase principle applicability which determines the tunneling (phase) time for the transmitted wave packets are totally recovered. Differently from the previous (non-relativistic) tunneling analysis, the original momentum is kept undistorted and there is no filter effect. We shall demonstrate that the tunneling time is then computed for a completely undistorted transmitted wave packet, which legitimizes any eventual accelerated transmission.
In this manuscript, we perform the calculations to obtain the tunneling transmission probabilities and the respective delay times of the corresponding wave packets when a relativistic dynamics is taken into account. In section II, we introduce the relativistic dynamics that circumvents the tunneling phenomenon and we define some novel parameters which will be useful for the subsequent analysis. The transmission probabilities, the phase times and the dwell times for the relativistic dynamics that we have proposed are obtained in section III. We also quantify the conditions for the occurrence of accelerated and, eventually, superluminal tunneling transmission probabilities. We draw our conclusions in section IV.
II. DEFINING THE DYNAMICS, VARIABLES AND LIMITS
It is very difficult and probably even confusing to treat all interactions of plane waves or wave packets with a barrier potential using a relativistic wave equation [26, 27, 28, 29] . This is because the physical content depends upon the relation between the barrier height V 0 and the mass m of the incoming (particle) wave, beside of its total energy E. In the first attempt to evaluate this problem, Klein [30] considered the reflection and transmission of electrons of incidence energy E on the potential step V (x) = Θ(x)V 0 in the (2 + 1)-dimensional timeindependent Dirac equation which can be represented in terms of the usual Pauli matrices [31] by [45] 
which corresponds to the reduced representation of the usual Pauli-Dirac gamma matrix representation (i = 1, 2). The physical essence of such a theoretical configuration lies in the prediction that fermions can pass through large repulsive potentials without exponential damping. It corresponds to the so called Klein tunneling phenomenon [27] which follows accompanied by the production of a particle-antiparticle pair inside the potential barrier.
It is different from the usual tunneling effect since it occurs in the energy zone of the Klein paradox [30, 31] . Taking the quadratic form of the above equation reduced to (1 + 1)-dimension for a generic scalar potential V (x), we obtain the analogous Klein-Gordon equation,
which, from the mathematical point of view, due to the second-order spatial derivatives,
has similar boundary conditions to those ones of the Schroedinger equation and leads to stationary wave solutions characterized by a relativistically modified dispersion relation.
By depicting three potential regions by means of a rectangular potential barrier V (x), antiparticles see an opposite electrostatic potential to that seen by the particles and hence they will see a well potential where the particles see a barrier [32, 33] . The tunneling zone, V 0 − m < E < V 0 + m, for which only evanescent waves exist [34, 35] in the barrier region, is that of interest in this work. In fact, the usual definition of Klein tunneling, which involves the Klein paradox [30] , has been studied in the literature just for the Dirac equation [27, 28, 35, 36, 37] . In the following, we do not aim to treat the Klein paradox (not By evaluating the problem for this tunneling (evanescent) zone assuming that φ(k, x) are stationary wave solutions of the Eq. (2), when the peak of an incident (positive energy) wave packet reach the barrier x = 0 at t = 0, we can usually write
where the dispersion relations are modified with respect to the usual non-relativistic ones:
In order to proceed with a phenomenological analysis which allows us to establish a correspondence with the non-relativistic (NR) solutions, it is convenient to define the kinematic variables in terms of the following parameters:
The parameter w corresponds to the same normalizing parameter of usual NR analysis where k 2 = 2mE N R . The previously quoted relation between the potential energy V 0 and the mass m of the incident particle is given by the parameter υ. Finally, n 2 (k) represents the dependence on the energy for all the results that will be considered here. Let us then remind that the energies for which the evanescent tunneling occurs are comprised by the above mentioned interval V 0 − m < E < V 0 + m. By adding m or −m to each term of this interval, we obtain
Since E, V 0 and m are all positive quantities, we can multiply the terms the first interval expression by the second one, in order to obtain
By observing that
from the three terms and dividing the resultant terms by 2mV 0 , we get the final inequality
which can be squared in order to set that the tunneling zone for the above form of the KleinGordon equation (2) is comprised by the interval (n
assume larger values (n 2 (k) >> 1), in opposition to the NR case where the tunneling energy zone is constrained by 0 < n 2 (k) < 1). We shall observe that such a peculiarity has a subtle relation with the possibility of superluminal transmission through the barrier. The limits for NR energies (k 2 << m 2 and V << m) are given by υn 2 << 1 and υ/n 2 << 1, which as we shall notice in the next section reproduces the transmission and delay results of the Schroedinger equation.
III. THE TRANSMISSION COEFFICIENT AND THE DELAY TIMES
The stationary phase method can be successfully applied for describing the movement of the center of a wave packet constructed in terms of a symmetrical momentum distribution g(k − k 0 ) which has a pronounced peak around k 0 . By assuming that the phase that characterizes the propagation varies smoothly around the maximum of g(k − k 0 ), the stationary phase condition enables us to calculate the position of the peak of the wave packet (highest probability region to find the propagating particle). With regard to the standard one-way direction wave packet tunneling, for the set of stationary wave solutions given by Eq. (3), it is well-known [39] that the transmitted amplitude
where we have suppressed from the notation the dependence on k, and
for which we have made explicit the dependence on the barrier length L (parameter wL)
and we have rewritten ρ(k) = wρ(n), with ρ(n)
We illustrate the modified tunneling transmission probabilities in the Fig. 1 for different propagation regimes (υ = 0(NR), 1, 2, 5, 10)) by observing that the tunneling region is comprised by the interval (n − υ/2) 2 < 1, n > 0.
The additional phase ϕ(n, L) that goes with the transmitted wave is utilized for calculating the transit time t ϕ of a transmitted wave packet when its peak emerges at x = L, evaluated at k = k 0 (the maximum of a generic symmetrical momentum distribution g(k−k 0 ) that composes the incident wave packet). By introducing the classical traversal time defined
we can obtain the normalized phase time,
where
where Ch(x) = cosh (x) and Sh(x) = sinh (x).
To illustrate the above results we plot the tunneling phase times in correspondence with the transmission probabilities of the Fig. 1 for the same different propagation regimes (υ = 0(NR), 1, 2, 5, 10)). Phase Time -
The related tunneling PHASE times in correspondence with their the tunneling TRANS-MISSION probability for the dynamics of the Klein-Gordon form equation. Again by means of the line thickness we observe that the tunneling region is comprised by the interval (n 2 − υ/2) 2 < 1, n > 0. We have used the same criteria and the same set of parameters from the Fig. 1 .
By observing the results illustrated by the above figures, we can notice the possibility of accelerated (t ϕ < τ (k) ), and eventually superluminal (negative tunneling delays, t ϕ < 0)
transmissions without recurring to the usual analysis of the opaque limit (ρ(n)wL → ∞) which leads to the Hartman effect [25] . In the NR dynamics (Schroedinger equation solutions), the opaque limit and the consequent superluminal interpretation of the results of such an approximation (Hartman effect) were extensively discussed in the literature. Superluminal group velocities in connection with quantum (and classical) tunneling were predicted even on the basis of tunneling time definitions more general than the simple Wigner's phase time [17] (Olkhovsky et al., for instance, discuss a simple way of understanding the problem [4] ). Experiments with tunneling photons and evanescent electromagnetic waves [5, 6, 9] have generated a lot of discussions on relativistic causality, which, in addition to several analytical limitations, have ruined some possibilities of superluminal interpretation of the tunneling phenomena [3, 38, 39] . In a causal manner, the above arguments might consist in explaining the superluminal phenomena during tunneling as simply due to a reshaping of the pulse, with attenuation, as already attempted (at the classical limit) [40] , i. e. the later parts of an incoming pulse are preferentially attenuated, in such a way that the outcoming peak appears shifted towards earlier times even if it is nothing but a portion of the incident pulse forward tail [6, 38] .
The Hartman effect is related to the fact that for opaque potential barriers the mean tunneling time does not depend on the barrier width, so that for large barriers the effective tunneling-velocity can become arbitrarily large, where it was found that the tunneling phase time was independent of the barrier width. It seems that the penetration time, needed to cross a portion of a barrier, in the case of a very long barrier starts to increase again after the plateau corresponding to infinite speed proportionally to the distance [46] .
We do not intend to extend on the delicate question of whether superluminal groupvelocities can sometimes imply superluminal signalling, a controversial subject which has been extensively explored in the literature ( [4] and references therein). Otherwise, the phase time calculation based on the relativistic dynamics introduced here offers distinct theoretical possibilities in a novel scenario, for the limit case where ρ(n) L tends to 0 (with L = 0), in opposition to the opaque limit where ρ(n) tends to ∞. Let us then separately expand the numerator f (n, L) and the denominator g(n, L) of the Eq. (9) in a power series of ρ(n) wL (ρ(n) → 0) in order to observe that in the lower (upper) limit of the tunneling energy zone, where n 2 tends to υ/2 + (−)1, the numerical coefficient of the zero order term in ρ(n) wL amazingly vanish in the numerator as well as in the denominator! Since the coefficient of the linear term also is null, just the coefficient of the second order terms plays a relevant role in both series expansions. After expanding the Eq. (9), such a step-by-step mathematical exercise leads to
for small values of ρ(n). At the same time, since lim n 2 →υ/2∓1 ρ(n) = 0, the tunneling transmission probability can be approximated by
By taking the above limit, we easily obtain,
from which we recover the possibility of a highly probable tunneling transmission when mL << 1. Finally, for the corresponding values of the phase times evaluated in (10), we obtain,
that does not depend on mL, and we notice that its asymptotic limit always converges to 0. In particular, in the lower limit of the tunneling energy zone, n 2 → υ/2 − 1, it is always negative. Since the result of Eq. (13) At this point, could one say metaphorically that the particle represented by the positive energy incident wave packet spend a time equal to t T,ϕ inside the barrier before retracing its steps or tunneling? The answer is in the definition of the dwell time for the relativistic colliding configuration which we have proposed. In quantum mechanics, using steady-state wave functions, the average time of residence in a region is the integrated density divided by the total flux in (or out) and the lifetime is defined as the difference between these residence times with and without interactions. The dwell time is a measure of the time spent by a particle in the barrier region regardless of whether it is ultimately transmitted or reflected [15] . Therefore, in parallel to the above way of calculating the traversal time, we believe that a more complete or, at least, complementary answer to such an inquiry emerges with the definition of the dwell time for the same tunneling configuration evaluated with a the Klein-Gordon equation,
where j in is the flux of positive energy incident particles and φ 2 (k, x) is the stationary state wave function inside the barrier. The normalized dwell time is thus given by
We have computed the dwell times for the solutions of the relativistic wave equation (2) and we have illustrated it in the Fig. 3 in correspondence with the transmission probabilities of the Fig. 1 . By taking the same limits that we have considered for the phase time, the expressions for the dwell time provide us with,
from which we plot the comparative results in the Fig. 4 .
In general lines, we see that the transmission probability depends only weakly on the barrier height, approaching the perfect transparency for very high barriers, in stark contrast to the conventional, non-relativistic tunneling where T (n, L) exponentially decays with the increasing V 0 . Such a relativistic effect is usually attributed that a sufficient strong potential, being repulsive for electrons, is attractive for positrons and results in positron states inside the barrier, which align the energy with the electron continuum outside [43] .
By analyzing the magnitude of the parameter mL ((mc 2 )/[ (c/L)] in standard units)
for an electron with mass ∼ 0.5 MeV , since in natural units we have 0.2 MeV pm ∼ 1 it should be necessary a potential barrier of width L << 1 pm to permit the observation of such a superluminal transmission. In the most common sense, it is natural since we are simply saying that the Compton wavelength ( /(mc)) is much larger than the length of the potential barrier that, in this limit situation, becomes invisible (transparent) for the tunneling particle. Here we have been concentrated on the accurate calculation of phase times and dwell times for the energy zone of tunneling governed by a relativistic wave equation. We also have quantified the conditions for the occurrence of accelerated and, eventually, superluminal tunneling transmission probabilities in order to eliminate the called filter (Hartman) effect from the transmitted waves. By eliminating the filter effect, the transmission probabilities approximates the unitary modulus (complete transmission through a transparent medium).
As a result, the stationary phase conditions could be accurately considered for evaluating the phase time which gives the exact position of the transmitted wave packet (or particles).
It represents a novel possibility for accelerated tunneling transmission, different from the standard results of the non-relativistic analysis, for which, due to the distortion of the original momentum distribution, the position of the peak is shifted.
Concerning to the implications of the magnitude of the parameter mL (mc
standard units) for the effective observation of such effects, in the most common sense, it is important to notice that such restrictive condition should be naturally expected since we are simply assuming that the Compton wavelength ( /(mc)) is much larger than the length L of the potential barrier that, in this limit situation, becomes invisible for the tunneling particle. The relativistic quantum mechanics establishes that if a wave packet is spread out over a distance d >> 1/m, the contribution of momenta |p| ∼ m >> 1/d is heavily suppressed, and the negative energy components of the wave packet solution are negligible; the one-particle theory is then consistent. However, if we want to localize the wave packet in a region of space (wave packet width d) smaller than or of the same size as the Compton wavelength, that is d < 1/m, the negative energy solutions (positron states) start to play an appreciable role.
If we had pursued a more detailed analysis involving fermions, the above qualitative arguments could report us to the Klein paradox and the creation of particle-antiparticles pairs during the scattering process which might create the intrinsic (polarization) mechanisms for accelerated and/or non-causal fermion teletransportation. The Klein paradox is intrinsically related to the quoted Klein tunneling [26, 27, 28, 29] . should deserve further attention by experimenters, for instance, the study of the graphene structures, where the dynamics of the electron is described by a relativistic Dirac-like dynamics [43] .
In graphene, due to the chiral nature of their quasiparticles, quantum tunneling in these materials becomes highly anisotropic, qualitatively different from the case of normal, nonrelativistic electrons. The graphene provides an effective medium for mimicking relativistic quantum effects where, for instance, massless Dirac fermions allow a close realization of Kleins gedanken experiment whereas massive chiral fermions in bilayer graphene offer an interesting complementary system that elucidates the basic physics involved. In this scenario, we just notice that the Klein tunneling and the accelerated tunneling transmission associated with relativistic-like phenomena at nanoscopic scale deserves a more careful study, once it can eventually be tested experimentally.
